Abstract Thermal QCD sum rules generally bring in additional local operators over those already present in the vacuum sum rules. The thermal averages of these new operators are not immediately known. Here we write sum rules for correlation functions of odd chirality, which do not have this problem. We also evaluate one such sum rule for the thermal quark condensate. We argue that with more accurate temperature dependence of the input functions, these sum rules should provide reliable results in the hadronic phase below the critical temperature.
The vacuum QCD sum rules [1] , when extended to finite temperature [2] , provide a simple means to study the properties of the QCD medium. Below the critical temperature, they relate the temperature dependence (of low energy) hadron parameters to the thermal average of local operators. Calculating the former quantities perturbatively, we get relations among the latter ones, which are non-perturbative in character. The only complication here is the appearance of the additional power correction terms due to the new operators.
The reason for the occurrence of additional operators is simple to state [3] . In the short distance expansion of operator products of, say, two quark bilinears, there are local operators of all possible tensor structures. The vacuum expectation value picks up only the ones which are scalars under Lorentz transformation. But at finite temperature, the thermal trace allows all those which are scalars only under spatial O(3) rotations.
Although the thermal sum rules were first written down more than a decade ago [2] , the contributions of the additional operators either continued to be ignored completely [4] or were not included properly [5] . Recently we used a configuration space method [6] , [7] to calculate the coefficients with which all the operators up to dimension four appear in the operator product expansions of different quark bilinears [8] . We also obtained the sum rules for the correlation function of vector currents, including the contributions of the additional operators [9] . The unknown thermal averages of these operators could only be estimated roughly, limiting the accuracy of prediction from the sum rules.
In this letter we obtain a type of sum rules, which avoids the contributions of the possible additional operators. The idea is to consider correlation functions of two quark bilinears of opposite chiralities. Then their operator product expansions will be dominated, in each dimension, by the operators of odd chirality, the contributions of even chirality ones being highly suppressed by a factor of (small) quark massm in their coefficient functions. Since the additional, O(3) invariant operators turn out to be of even chirality, at least in dimension three and four, they are automatically excluded from such sum rules.
We restrict here to the better known non-strange channels of unit isospin. The correlation functions we consider below involve the following quark bilinears,
q(x) being the field of the u and d quark doublet and τ a the Pauli matrices. Note that P (x) and T µν (x) are odd and V µ (x) and A µ (x) are even under γ 5 transformation on the quark field.
As the first example, consider the thermal average of the time ordered (T ) product of the vector current and the tensor 'current',
Here the thermal average of an operator O is denoted by O ,
where H is the QCD Hamiltonian, β is the inverse of the temperature T and T r denotes the trace over any complete set of states. It is convenient for kinematics to restore Lorentz invariance by introducing the four-velocity u µ of matter. Then we can build the Lorentz scalars, ω = u · q andq = ω 2 − q 2 , representing the time and the space components of q µ in the matter rest frame, u µ = (1, 0, 0, 0) [10] . We now choose the two independent kinematic covariants as,
Written in this way, P µαβ is transverse not only four dimensionally but also three dimensionally. The kinematic decomposition now reads,
where T l,t are functions of ω and q 2 . In all computations, however, we shall revert back to the matter rest frame.
By taking two appropriate indices to be spatial and considering homogeneous background, it is simple to show that, as | q| → 0,
Thus for | q| = 0, to which we restrict ourselves in the following, we can have only one sum rule.
The advantage with odd chirality correlation functions becomes evident from an enumeration of local operators. The unit operator corresponds to the perturbative result. The non-perturbative power corrections begin with operators of dimension three and four. At dimension three, we havēandqu /q belonging to odd and even chirality respectively. (The operatorqu /q actually cannot contribute for zero chemical potential.) At dimension four, we have G
are the gauge field strengths and Θ f,g µν are the energy momentum tensors for the quarks and gluons. (Note that in the matter rest frame, the latter two operators are just the energy densities. Also the operatorqu · Dq where D µ is the covariant derivative, is of odd chirality, but it can be reduced tomqu /q by using the equation of motion for the quark field.) All these operators of dimension four are of even chirality. Thus up to dimension four, only the operatorqq can contribute significantly to the power correction for an odd chirality correlation function.
In [8] we derive explicit expressions for the coefficients multiplying all operators up to dimension four, which appear in the operator product expansion of any two quark bilinears. For the product under consideration, we get
where the dots represent operators of dimension five and higher. We assume SU (2) flavour symmetry.m is the degenerate mass of u and d quarks andūu =dd = 1 2q q. The Fourier transform gives for space-like momenta (
Here µ (≃ 1 GeV ) is the renormalisation scale. The coefficient of the unit operator is, as expected, proportional to the quark massm and will be ignored in the following. The tree level result for the coefficient C(Q 2 /µ 2 , g(µ)) ofūu can be improved by summing over all leading logarithms of perturbation expansion by the familiar method of renormalisation group equation [11] . It satisfies
where β(g) = −b 
where
) is the lowest order result obtained above, and
The strong interaction scale is Λ = 200 MeV.
The other element needed for the sum rule is the spectral representation for the correlation function. The T product at finite temperature has the so-called Landau representation in the variable q 0 at fixed | q| [12] . At points on the imaginary axis (q 
In the channel under consideration, the ρ-meson dominates the absorptive part. The matrix elements for the currents introduce two coupling constants F ρ and G ρ ,
where m ρ and ǫ α are the mass and the polarization vector of the ρ-meson. F ρ is measured by the electronic decay rate of ρ 0 , F ρ = 153 MeV [13] . Though the value of G ρ is not available directly from experiment, it can be obtained from one of the U(6) symmetry relations for the wave functions of a quark-anti-quark pair [14] . Defining the pion decay constant F π by
the relation is
With F π = 93 MeV, we get G ρ = 123 MeV. This value of G ρ is also obtained from the QCD sum rule for the correlation function of two tensor 'currents' [15] . The simplest way to calculate the absorptive part is to express the currents in terms of the ρ-meson field ρ µ (x). With 0|ρ a µ |ρ b = δ ab ǫ µ , they are given by
Then the absorptive part is given essentially by that of the ρ-meson propagator at finite temperature. Working in the real time formulation of the thermal field theory [16] , it is the 11-component of the 2 ⊗ 2 matrix propagator. We get
This calculation must be interpreted as one in the effective field theory at finite temperature, where loop corrections make the parameters m ρ , F ρ and G ρ temperature dependent. Being a symmetry relation, (9) continues to hold at finite temperature. At lower energies there is the contribution of non-resonant two-pion state. Although small compared to the ρ-meson contribution, it describes the interaction of the currents with the pions in the heat bath and may assume importance in the difference sum rules we shall consider below. We find this absorptive part by writing the field theoretic expression for the pion loop at finite temperature. The pionic content J a µ (x) of the quark vector current V a µ (x) is given, to lowest order, by
However the pionic content S a αβ (x) of the quark tensor 'current' T a αβ (x) is not immediately known, as it is not a symmetry current. From its index structure it may be written as
where c is a normalization constant. We determine c by comparing the two divergences, 
where ∆ 11 is the 11-component of the thermal pion propagator. It can be calculated in the same way as for the vector-vector correlation function [9] . In the time-like region (superscript +),
while in the space-like region (superscript −),
Here we have defined the functions v(z) = 1 − 4m 2 π /z and n(z) = (e βz − 1) −1 . For| q| → 0, they reduce to simple expressions. In the time-like region,
In the space-like region, q 2 o = λ| q| 2 , with 0 ≤ λ ≤ 1. Thus in the limit | q| → o, both N − l,t and its contribution to the spectral representation (6) are zero.
We can now write a spectral sum rule by equating at a space-like point the operator product expansion (4) to the spectral representation (6) with ρ and 2π-contributions. Taking Borel transform to get rid of any subtraction constant and to improve convergence of the spectral integral, we arrive at the thermal QCD sum rule, Figure 1 : Temperature dependence of the quark condensate, R =/ 0|qq|0 . The solid line is the sum rule evaluation and the dashed line is the prediction from chiral perturbation theory [22] .
How well are the two sides of the sum rule saturated? In the short distance expansion we retain only the leading power correction due to the operator of dimension three. The first non-leading power correction arises from the operatorqσ µν τ a 2 qG µνa of dimension five. Its vacuum estimate [17] shows that it contributes less than 20% to the vacuum sum rule for M ≥ 1.5 GeV. The same is expected to be true for the thermal sum rule also.
The continuum contribution to the spectral representation is more difficult to estimate. (In the vacuum sum rule for the correlation function of two vector currents, where experimental data are available, the continuum may contribute more than 20% of the resonance [1] ). Since we work at temperatures below 200 MeV, the continuum contribution beyond 1 GeV will be practically independent of temperature. We can thus get rid of the uncertainty in the continuum contribution by subtracting out the vacuum sum rule from the thermal one (15) . We put it in the form
Here ∆ denotes deviation from zero temperature, eg, ∆m ρ = m ρ (T ) − m ρ . In the numerical evaluation of the sum rule (16), we take the function F π (T ) from the chiral perturbation theory (χPT) to one loop with two quark flavours [18] ,
The functions F ρ (T ) and m ρ (T ) are taken from the earlier evaluation of the sum rules for the vector-vector correlation function [9] . (This evaluation of m ρ (T ) agrees with one set of results obtained in Ref. [19] by the effective Lagrangian method.) These, however, are restricted to within a temperature of about 150 MeV, because of the use of dilute gas approximation in estimating the contribution of the massive states to the energy density occurring in the sum rules. The present evaluation is thus also restricted to this range.
With these inputs, the sum rule evaluation of the quark condensate is plotted in Fig.1 for the Borel parameter M = 1.5 GeV. The result is rather stable at least in the range 1 GeV ≤ M ≤ 2 GeV. Due to the factor c = 2m/m 2 π , the two-pion continuum in this sum rule is completely negligible (by about two orders of magnitude) compared to the resonant ρ-pole.
We see that the sum rule evaluation tends to differ from the χPT prediction at higher temperatures. At this point we wish to observe that the one loop result (18) for F π is expected to receive negative contributions from higher loops and massive states 1 . The reason is that while both F π and ūu should disappear simultaneously (at the critical temperature) [21] , the one-loop expression (18) for F π goes to zero at a considerably higher temperature than does the more accurate evaluation of ūu which includes pion interaction up to three loops as well as the contribution of the massive states [22] . As the contribution proportional to ∆F π dominates S in (17), such contributions would clearly bring the sum rule evaluation closer to that of χPT.
Consider next the other correlation function of odd chirality,
In its short distance expansion the coefficient of the unit operator again contains the quark mass as a factor. The leading power correction is also given by the operatorqq. In the spectral function the dominant contribution is that of the pion. Its coupling with P a (x) can be obtained from that with A a µ (x) given by eq. (8), as A a µ (x) and P a (x) are related by a divergence equation. Restricting to these contributions, it is easy to write the sum rule, 
which is a generalization of the Gell-Mann, Oakes and Renner formula [23] to finite temperature. Higher mass singularities 2 in the spectral function give rise to correction terms to the left hand side of (20) . As before, we can get rid of these by writing the difference sum rule, ∆(F 
Results from χPT show that both (20) and (21) are satisfied to order T 2 [18] . Again it would be interesting to calculate F π and m π to higher orders, including contributions due to the massive states and check these relations.
To conclude, we remark that nothing restricts the validity of these odd chirality sum rules to higher temperature in the hadronic phase. With better inputs the sum rules should provide an independent confirmation of the restoration of chiral symmetry at higher temperature.
